Well-covered graphs and factors  by Randerath, Bert & Vestergaard, Preben Dahl
Discrete Applied Mathematics 154 (2006) 1416–1428
www.elsevier.com/locate/dam
Well-covered graphs and factors
Bert Randeratha,∗, Preben Dahl Vestergaardb
aInstitut für Informatik, Universität zu Köln, D-50969 Köln, Germany
bMathematics Department, Aalborg University, DK-9220 Aalborg ∅, Denmark
Received 25 August 2003; received in revised form 19 February 2005; accepted 6 May 2005
Available online 19 January 2006
Abstract
A maximum independent set of vertices in a graph is a set of pairwise nonadjacent vertices of largest cardinality . Plummer
[Some covering concepts in graphs, J. Combin. Theory 8 (1970) 91–98] deﬁned a graph to be well-covered, if every independent set
is contained in a maximum independent set of G. Every well-covered graph G without isolated vertices has a perfect [1, 2]-factor
FG, i.e. a spanning subgraph such that each component is 1-regular or 2-regular. Here, we characterize all well-covered graphs G
satisfying (G) = (FG) for some perfect [1, 2]-factor FG. This class contains all well-covered graphs G without isolated vertices
of order n with (n − 1)/2, and in particular all very well-covered graphs.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
We consider ﬁnite, undirected, and simple graphs G with vertex set V (G) and edge set E(G). For A ⊆ V (G)
let G[A] be the subgraph induced by A. N(x) = NG(x) denotes the set of vertices adjacent to the vertex x and
N [x]=NG[x]=N(x)∪{x}. More generally, we deﬁneN(X)=NG(X)=⋃x∈XN(x) andN [X]=NG[X]=N(X)∪X
for a subset X of V (G). The vertex v is called a leaf if d(v,G) = 1, and an isolated vertex if d(v,G) = 0, where
d(x) = d(x,G) = |N(x)| is the degree of x ∈ V (G). We denote by n = n(G) = |V (G)| the order of G.
We write Cn for a cycle of length n, Kn for the complete graph of order n and Kr,s for the complete bipartite graph
containing partite sets of size r and s. A subgraph F of G with V (F) = V (G) is called a factor of G. Furthermore, a
factor F of G is a perfect [1, 2]-factor if every component of F is either a cycle or a K2. The special case that every
component of a factor F is a K2 is known as a 1-factor. A set of edges in a graph G is called a matching if no two edges
have a vertex in common. The size of any largest matching in G is called the matching number of G and is denoted
by . For a matching M of a graph a path P is said to be M-alternating if the edges of P are alternately in and not in
M. Moreover, an M-alternating path is called M-augmenting if P starts and ends with edges not in M. A matching of a
graph G is perfect if it covers all vertices of G. Observe that there is a 1–1 correspondence between perfect matchings
and 1-factors of a graph, likewise between perfect 2-matchings and perfect [1, 2]-factors of a graph (see [16]). Here,
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a (perfect) 2-matching of a graph G is an assignment of weights 0, 1 and 2 to the edges of G such that the sum of
weights of edges incident with any given vertex is at most (exactly) 2. A maximum independent set of vertices in a
graph is a set of pairwise nonadjacent vertices of largest cardinality. The cardinality (G) of a maximum independent
set in a graph G is called the independence number of G. An independent set of a graph G is called maximal if it is
maximal with respect to set inclusion. The minimum cardinality i(G) of a maximal independent set of a graph G is the
independent domination number of G. Plummer [19] deﬁned a graph G to be well-covered, if i(G)= (G) is satisﬁed.
These graphs are of interest because, whereas the problem of ﬁnding the independence number of a general graph is
NP-complete, the maximum independent set can be found easily for well-covered graphs by using a simple greedy
algorithm. Since the property of being not well-covered is NP-complete [4,25], it is unlikely that there exists a good
characterization of well-covered graphs.
The work on well-covered graphs appearing in literature (see [20]) has focused on certain subclasses of well-covered
graphs. A combination of different results by Berge [1], Tutte [28], Hall [11] and König [14] yields that every well-
covered graph without isolated vertices contains a perfect [1, 2]-factor. In this paper we present a self-contained short
proof of this statement in Theorem 7. The independence number of a factor of a graph always establishes an upper bound
for the independence number of a graph, in particular every well-covered graph G without isolated vertices has a perfect
[1, 2]-factor and hence satisﬁes (G)n(G)/2. In general, for graphs G (which do not have the additional property
of being well-covered) the bound (G)n(G)/2 is not valid. For instance, Gimbel and Vestergaard [10] proved the
inequality i(G)n− 2√n+ 2 for connected graphs G of order n and exhibited an inﬁnite family of connected graphs
for which equality holds, showing that for connected not well-covered graphs i(G), and certainly also (G), can get
asymptotically close to n. We study in this work well-covered graphs which contain a factor sharing the same value for
its independence number. For brevity we call these graphs factor-deﬁned well-covered.
In the next section we summarize some useful facts concerning well-covered graphs with emphasis on factors in
well-covered graphs. After characterizing factor-deﬁned well-covered graphs where the factor in consideration is a
perfect [1, 2]-factor, we study very well-covered graphs, these are well-covered graphs without isolated vertices and
with  = n/2. This context seems to be the natural environment for this class. Here, we summarize known and also
add some new characterizations of very well-covered graphs. Although we collect a large number of characteriza-
tions of very well-covered graphs, we try to exploit further structural properties of this class. In the ﬁnal section
we discuss relationships between factor-deﬁned well-covered graphs and well-covered graphs deﬁned by forbidden
cycles.
2. Factors in well-covered graphs
Before we consider factors in well-covered graphs we summarize some properties of this graph class. The following
two observations (e.g. see [3,20,22]) are useful in subsequent proofs.
Observation 1. Let I, J be two independent vertex sets in a graph G such that |J |< |I | and NG[I ] ⊆ NG[J ]. Then
G satisﬁes i(G)< (G), i.e. G is not well-covered.
Observation 2. If G is a well-covered graph and I is an independent set of G, thenG′=G−NG[I ] is also well-covered
and (G′) = (G) − |I |.
The typical usage of the last observation will be on a well-covered graph G without isolated vertices and the
independent set Iv = I (G − NG(v)) for some vertex v of G. Here, I (G) denotes the set of isolated vertices of G.
Observation 3. For a cycle Cn we have i(Cn)= n/3	 and (Cn)= 
n/2. Moreover, Cn is well-covered if and only
if n ∈ {3, 4, 5, 7}.




e , . . . , C
(re)
e
of even order and C(1)o , . . . , C(ro)o of odd order. Then G satisﬁes
(G) = l + rei=1n(C(i)e )/2 + roi=1(n(C(i)o ) − 1)/2 = (n(G) − ro)/2.
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Moreover, G is well-covered if and only if every cycle-component has order 3, 4, 5 or 7. Furthermore, if G is well-
covered and G contains l K2-components, r3 3-cycle-components, r4 4-cycle-components, r5 5-cycle-components and
r7 7-cycle-components, then we have (G) = i(G) = l + r3 + 2r4 + 2r5 + 3r7.
The next observation motivates the study of factors in well-covered graphs.
Observation 5. Let G be a graph and F be a factor of G. Then (G)(F ).
Note that the inequality i(G) i(F ) for a graph G and a factor F of G is not true in general. Consider, e.g., the graph
G∗ obtained by joining the center vertices of two disjoint P3’s. Then i(G∗) = 3 but the two P3’s form a factor F with
i(F ) = 2.
Before we state the central result of this section recall the following trivial argument:
Observation 6. For every edge e = uv of a graph G we have |I ∩ {u, v}|1 for any independent set I of G.
An immediate consequence of this argument is the folklore result that (G) + (G)n(G) for every graph G. The
following already mentioned result can be derived from a combination of different known results [1,28,11,14]. For
convenience of the reader we give a concise direct proof.
Theorem 7. Let G be a well-covered graph without isolated vertices. Then G contains a perfect [1, 2]-factor F o such
that F o consists of K2’s and induced odd cycles of G.
Proof. Let G be a well-covered graph without isolated vertices. Now we consider the set F of subgraphs of G of
maximum order such that every component is either a K2 or an odd cycle. Furthermore, let F ∈ F with a maximum
number of K2-components. Note that every odd cycle of F is an induced cycle of G and there exists no pair of adjacent
vertices belonging to different odd cycles of F. Now suppose that G contains no perfect [1, 2]-factor F o such that F o
only consists ofK2’s and induced odd cycles of G. Then we deduce that V (G)−V (F) is a nonempty set. Moreover, by
F’s maximality V (G)−V (F) is an independent set and no vertex of V (G)−V (F) is adjacent to any vertex of an odd
cycle of F.Assign to F a matching M containing all edges associated to theK2-components of F. For v ∈ V (G)−V (F)
deﬁneGv to be the subgraph of G induced by v and all vertices of G reachable from v by an M-alternating path. Suppose
there exists an M-augmenting path from v ∈ V (G) − V (F) to a vertex w ∈ V (G). If w ∈ V (F), then w is contained
in an odd cycle of F and we can easily enlarge F, a contradiction to the choice of F. Likewise, if w ∈ V (G) − V (F)
we can easily enlarge F, a contradiction to the choice of F. Thus we obtain that V (Gv) − {v} ⊂ V (M). Deﬁne the set
T to contain the vertex v and all vertices of Gv reachable from v by an M-alternating path of even length. Observe that
T is an independent set. Otherwise, if T contains adjacent vertices w1 and w2, then we can increase F by v because the
M-alternating paths Pi connecting v andwi for i=1, 2 deﬁne together with the edgew1w2 a closed walk of odd length,
which contains an odd cycle, contradicting maximality of F. From the deﬁnition of Gv we deduce for the independent
set T that V (Gv) = NG[T ] and furthermore Gv − {v} contains a perfect matching M ′ ⊂ M . Now let S be a maximal
independent set ofGv containingw ∈ NGv(v). Because for every edge e=v′v′′ ofM ′ we have |S∩{v′, v′′}|1 we also
obtain |S| |M ′|< |T |. Since NG[T ] ⊆ NG[S], we obtain by Observation 1 a contradiction to G’s well-coveredness.

Now Theorem 7 together with Observations 4 and 5 implies the next corollary.
Corollary 8. Let G be a well-covered graph without isolated vertices and let F be a perfect [1, 2]-factor of G. If F
contains ro cycle-components of odd order, then
(G)(n(G) − ro)/2n(G)/2.
Recall that well-covered graphs G without isolated vertices and (G) = n(G)/2 are called very well-covered.
Corollary 9 (Favaron [6], Staples [27]). Let G be a very well-covered graph. Then G contains a 1-factor.
B. Randerath, P.D. Vestergaard / Discrete Applied Mathematics 154 (2006) 1416–1428 1419
Furthermore, easily we obtain a characterization of very well-covered graphs. Basically, this is a reformulation of a
result due to Levit and Mandrescu [15], who proved that the family of well-covered graphs G without isolated vertices
attaining (G) + (G) = n(G) consists exactly of the very well-covered graphs.
Corollary 10. Let G be a graph without isolated vertices. Then G is very well-covered if and only if the equality
i(G) + (G) = n(G) is valid.
Proof. If G is very well-covered, then i(G) = n(G)/2 and from Corollary 9 we have (G) = n(G)/2. Altogether
i(G)+ (G)= n(G). On the other hand, suppose G is a graph without isolated vertices such that i(G)+ (G)= n(G).
Thenwithn(G)=i(G)+(G)(G)+(G)n(G)weobtain i(G)=(G), i.e.G iswell-covered. Since (G)n(G)/2
and with Corollary 8 we obtain (G)n(G)/2, we deduce that (G) = n(G)/2. In summary, G is very well-covered.

Before we state our main result in the next section we ﬁnish this part with a short excursus. It would be interesting to
ﬁnd for a well-covered graph G further sufﬁcient conditions ensuring the existence of a 1-factor.We give some evidence
that regularity of well-covered graphs might be a sufﬁcient condition. Firstly, the set {K1,K2, C3, C4, C5, C7} contains
all connected d-regular well-covered graphs with d2. Balanced complete bipartite graphs are the only bipartite
members of the family of connected regular well-covered graphs. The ﬁrst nontrivial case—the characterization of
well-covered cubic graphs—was obtained by Campbell et al. [2]. For d4 it is an open problem. Observe that any
description of regular well-covered graphs has to contain the following interesting sequence (Gj )j∈N of triangle-
free regular well-covered graphs. For j1, let Gj be the j-regular graph on 3j − 1 vertices described by V (G) =
{v1, v2, . . . , v3j−1}, N(vi) = {vi+j , vi+j+1, . . . , vi+2j−1}, 1 i3j − 1, indices are added modulo 3j − 1, so that
v3j = v1, v3j+1 = v2, etc. The ﬁrst three graphs in this family are G1 =K2,G2 =C5 and G3 =ML8, the Möbius ladder
on eight vertices. Here, the Möbius ladder ML8 can also be constructed from the cycle C=u1u2 . . . u8u1 by adding the
edges uiui+4 for every i ∈ {1, 2, 3, 4} joining each pair of opposite vertices of C.We can easily establish that (Gj )=j
and that the maximal independent sets in Gj precisely are the 3j − 1 neighborhood sets N(vi), 1 i3j − 1, each
consisting of j vertices, soGj is well-covered. Now we consider the problem of whether a d-regular well-covered graph
contains a k-regular factor. For every pair of even integers k and d satisfying kd it is due to Petersen [18] that any
d-regular graph contains a k-factor. Thus it is not necessary to add an additional property like well-coveredness in the
case of even integers k and d with kd . Now let us consider the case d = 3.
Proposition 11. Let G be a connected cubic well-covered graph. Then G contains a 1-factor and a 2-factor.
Proof. If G is a 2-connected cubic (well-covered) graph, then again by another result due to Petersen [18] G contains
a 1-factor and therefore likewise a 2-factor. A partial result of the characterization of cubic well-covered graphs [2]
asserts that a connected and not 2-connected, cubic, well-covered graph G is obtained by joining a ﬁnite number of the
three fragments A,B and C in a ‘path’ containing at least one A.
B
A C
By inspection all possible graphs contain at least one 1-factor and a complementary 2-factor. 
For the general problem of whether a d-regular graph contains a k-regular factor there exists a wide variety of results
and we refer to the survey paper of Volkmann [29] and to [17].
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3. Factor-deﬁned well-covered graphs
The focus of our interest is the family of well-covered graphs having a factor sharing the same value for their
independence number.
Deﬁnition 12. Let G be a well-covered graph. Then G is a factor-deﬁned well-covered graph, if there exists a factor
F of G with (G) = (F ). Moreover, G is a perfect [1, 2]-factor-deﬁned well-covered graph, if there exists a perfect
[1, 2]-factor F of G with (G) = (F ). Finally, G is a 1-factor-deﬁned well-covered graph if there exists a 1-factor F
of G with (G) = (F )(=n(G)/2).
A perfect [1, 2]-factor-deﬁned well-covered graph G cannot have isolated vertices but G might have perfect [1, 2]-
factors F1, F2 such that (G)=(F1)< (F2). Let e.g. G be obtained from a 9-cycle v1, . . . , v9 by addition of the three
edges v2v9, v3v5, v6v8 and let the factorF1 be three disjoint 3-cycles whileF2 is the 9-cycle, then (F1)=3< 4=(F2).
A perfect [1, 2]-factor F of G has (F )= (n(G)− ro)/2 where ro is the number of odd cycles in F. Hence we note that
if G is a perfect [1, 2]-factor-deﬁned well-covered graph having a perfect [1, 2]-factor F of G with (G) = (F ), then
for every perfect [1, 2]-factor F ′ of G we have (F ′) = (G) if and only if F ′ has the same number of odd cycles as
does F. In particular, if G is a 1-factor-deﬁned well-covered graph with a 1-factor F of G with (G)= (F )= n(G)/2,
then for every 1-factor F ′ of G we obviously also have (G) = (F ′). The family of 1-factor-deﬁned well-covered
graphs is a familiar one.
Lemma 13. Let G be a graph. Then G is 1-factor-deﬁned well-covered if and only if G is very well-covered.
Proof. Let G be a 1-factor-deﬁned well-covered graph. Then by deﬁnition G is well-covered and there exists a 1-factor
F of G with (G)=(F ). Thus, the well-covered graph G contains no isolated vertices and (G)=n(G)/2 implies that
G is very well-covered. On the other hand, if G is a very well-covered graph, then G by Corollary 9 contains a 1-factor
F. Since (G)=n(G)/2 and (F )=n(F )/2 we also have (F )=(G). Thus, G is 1-factor-deﬁned well-covered. 
The class of perfect [1, 2]-factor-deﬁned well-covered graphs contains for instance all isolated-vertex-free well-
covered graphs G with (G) = (n(G) − 1)/2.
Lemma 14. Let G be a graph without isolated vertices. Then G is well-covered with (G)= (n(G)− 1)/2 if and only
if G is perfect [1, 2]-factor-deﬁned well-covered, where a perfect [1, 2]-factor FG of G satisﬁes (FG)= (G) and has
precisely one odd cycle of length 3, 5 or 7.
Proof. Let G be a well-covered graph with no isolated vertex and (G) = (n(G) − 1)/2. Observe that G has to
be a graph of odd order. By Theorem 7, G contains a perfect [1, 2]-factor F 0 consisting of K2’s and odd cycles.
By inspection (F 0)(n(G) − 1)/2 follows. Combined with (F 0)(G) = (n(G) − 1)/2 we obtain (F 0) =
(n(G)− 1)/2 proving that G is perfect [1, 2]-factor-deﬁned. By Corollary 8 we have (n(G)− 1)/2 = (G)(n(G)−
r0)/2 implying that the number of odd cycles in F 0 is r0 = 1. The unique odd cycle in F 0 must have length
3, 5 or 7, as otherwise (n − 1)/2 = i(G) i(F 0)< (n − 1)/2, a contradiction. The converse statement is
obvious. 
Combining Lemmas 13, 14 and the folklore result that every well-covered graph G without isolated vertices satisﬁes
(G)n(G)/2, we observe that the class of perfect [1,2]-factor-deﬁned well-covered graphs contains all well-covered
graphs G without isolated vertices and with (G)
n(G)/2. In order to characterize perfect [1, 2]-factor-deﬁned
well-covered graphs we prove the next lemma.
Lemma 15. Let G be a perfect [1, 2]-factor-deﬁned well-covered graph and let FG be a perfect [1, 2]-factor of G such
that (G) = (FG). Then there always exists a perfect [1, 2]-factor F oG of G such that (F oG) = (G) and such that
every 2-regular component of F oG induces a cycle of length 3, 5 or 7 in G. Moreover, F oG is well-covered, FG and F oG
contain the same number of odd-cycle-components and there exists no perfect [1, 2]-factor F ′ of G containing more
odd-cycle-components than F oG.
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Proof. Let G be a perfect [1, 2]-factor-deﬁned well-covered graph. Now let FG be a perfect [1, 2]-factor of G with
(G) = (FG). Now we can easily transform FG to a desired factor F oG. All cycle-components of even order of FG
can be easily transformed into K2-components. Every cycle-component C of odd order of FG, such that their vertices
induce a subgraph G[V (C)] not being a cycle, can obviously be replaced by an induced cycle-component C′ of
G[V (C)] of smaller odd order and additional K2-components, each of which represents a pair of consecutive vertices
of C. Call the resulting factor F oG. Note that F
o
G contains the same number of odd-cycle-components as FG. Moreover,
(G)=(FG)=(F oG). LetK(1)2 , . . . , K(l)2 be theK2-components andC(1)o , . . . , C(ro)o be the odd-cycle-components of
F oG. Then (F
o
G)=l+roi=1(n(C(i)o )−1)/2=(n(F oG)−ro)/2=(n(G)−ro)/2. Now suppose thatF oG is not well-covered.
Then there exists at least one component ofF oG which is not well-covered and byObservation 4 there has to exist an odd-





o ) = n(C(ro)o )/3	< (C(ro)o ) = 
n(C(ro)o )/2. Furthermore, we greedily extend IC(ro)o to a maximal independent
set I of G. Then since C(ro)o is an induced cycle in G we have |I ∩ V (C(ro)o )| = i(C(ro)o ) and because G is well-covered
(F oG)=(G)= i(G)=|I |=li=1|I ∩V (K(i)2 )|+roj=1|I ∩V (C(j)o )| l+ro−1i=1 (n(C(i)o )−1)/2+ i(C(ro)o )< (F oG), a
contradiction. Hence, F oG is well-covered. Finally, suppose that G has a perfect [1, 2]-factor F ′ of G containing r ′o odd-
cycle-components such that r ′o >ro. From Observation 5 we have (G)(F ′)(n(G) − r ′o)/2. But this contradicts
(G) = (n(G) − ro)/2. 
According to the last lemma, for every perfect [1, 2]-factor-deﬁnedwell-covered graph G there always exists a perfect
[1, 2]-factor F oG of G with (F oG) = (G) and consisting precisely of K2-components K(1)2 , . . . , K(l)2 and induced
odd-cycle-components, namely r3 different 3-cycle-components, r5 different 5-cycle-components and r7 different 7-
cycle-components. Moreover, we have (G) = l + r3 + 2r5 + 3r7. This follows since every maximal independent set
of G contains exactly one vertex from each K2-component and 3-cycle-component of F oG, exactly two vertices from
every 5-cycle-component of F oG and exactly three vertices from every 7-cycle-component of F oG. In the following we
present a characterization of perfect [1, 2]-factor-deﬁned well-covered graphs.
Theorem 16. Let G be a graph without isolated vertices. Then G is perfect [1, 2]-factor-deﬁned well-covered if and
only if
(i) there exists a perfect [1, 2]-factor F oG with (G) = (F oG) such that every component of F oG induces a K2 or an
odd cycle of length 3, 5 or 7 in G, and
(ii) for each componentKofF oG it is true that no independent vertex set S ofG\V (K) exists such that i(K\NG(S))< i(K).
Here, for a graph G= (V ,E) and a subset V ′ of V we deﬁne G\V ′ to be the subgraph of G induced by the vertex set
V ′′ with V =V ′∪˙V ′′, the disjoint union of V ′ and V ′′. Observe that (i) and (ii) are satisﬁed for every perfect [1, 2]-factor
F ′ of G with the same number of odd-cycle-components as F oG.
Proof. Suppose G is a perfect [1, 2]-factor-deﬁned well-covered graph and let FG be a perfect [1, 2]-factor of G such
that (G)= (FG). Then applying Lemma 15 there exists a well-covered perfect [1, 2]-factor F oG of G such that every
2-regular component of F oG induces an odd cycle of length 3, 5 or 7 in G with (G)=(F oG). Thus, (i) is satisﬁed. Now
let K be a component of F oG and let S be an arbitrary independent vertex set S of G\V (K). Furthermore, consider a
maximal independent set SK of K\NG(S) of cardinality i(K\NG(S)). Since S ∪SK is an independent vertex set of G,
it can be extended to a maximal independent set S∗ of G. Because G is well-covered, we deduce |S∗| = (G)= (F oG).
Note that S∗ ∩ V (K)= SK . Since every maximum independent vertex set of G has to intersect each component K ′ of
F oG with (K
′) elements we deduce from F oG being well-covered that |SK | = i(K). Thus, (ii) is also satisﬁed.
Conversely, assume (i) and (ii) are satisﬁed and that G is not perfect [1, 2]-factor-deﬁned well-covered. Since
(G) = (F oG), we have that G is not well-covered. This means there has to exist a maximal independent set S∗ of
G with |S∗|< (F oG). But then there has to exist a component K of F oG with |S∗ ∩ V (K)|< (K). With F oG being
well-covered and (K) = i(K), we also deduce |S∗ ∩ V (K)|< i(K). By the maximality of S∗ we obtain that for the
independent vertex set S := S∗\V (K) of G\V (K) the inequality chain i(K\NG(S)) |S∗ ∩ V (K)|< i(K) is valid.
This contradicts (ii). 
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Remark 17. Depending on the component in consideration we can more precisely describe (ii) in Theorem 16:
(a) For each K2-component K of F oG it is true that no independent vertex set S of size one or two of G\V (K) exists
such that V (K) ⊂ NG(S). That is, there exists no vertex adjacent to both vertices of a K2-component K = ab and
for every two vertices u, v, if u is adjacent to a and v is adjacent to b, then u and v are adjacent.
(b) For each 3-cycle-component C of F oG it is true that no independent vertex set S of size at most three of G\V (C)
exists such that V (C) ⊂ NG(S). That is, there exists no vertex adjacent to all three vertices of C and if there are
two vertices u, v such that each vertex of C is adjacent to at least one of these vertices, then u has to be adjacent
to v. Moreover, if there are three vertices u, v,w such that each vertex of C is adjacent to exactly one of these
vertices, then {u, v,w} has to contain at least one pair of adjacent vertices.
(c) For each 5-cycle-component C of F oG it is true that no independent vertex set S of size at most four of G\V (C)
exists such that i(C\NG(S))< 2.
(d) For each 7-cycle-component C of F oG it is true that no independent vertex set S of size at most ﬁve of G\V (C)
exists such that i(C\NG(S))< 3.
For the 5- and the 7-cycle case we omit here to list up all possibilities. It is just a simple case by case analysis. We
also omit to study the subclass of perfect [1, 2]-factor-deﬁned well-covered graphs, where every perfect [1, 2]-factor
of G has the same number of odd components. This additional property ensures that there are in G no edges between
different odd-cycle-components of a well-covered perfect [1, 2]-factor of G.With Lemma 13, Theorem 16 and Remark
17 we easily obtain the following characterization of very well-covered graphs.
Corollary 18. Let G be a graph without isolated vertices. Then G is very well-covered if and only if
(i) there exists a 1-factor F with (G) = (F ) = n(G)/2 and
(ii) for each K2-component K of F it is true that no independent vertex set S of size at most two of G\V (K) exists such
that V (K) ⊂ NG(S). That is, there exists no vertex adjacent to both vertices of a K2-component, and every two
vertices u, v, such that a K2-component K = ab has a ∈ NG(u), b ∈ NG(v), have to be joined by an edge uv.
Observe that statements (i) and (ii) easily can be reﬁned to say that there exists such a 1-factor F and that for every
other 1-factor F ′ the same properties are valid. It is noteworthy that this characterization of very well-covered graphs is
a reformulation of a result due to Favaron [6] and Staples [27]. An important motivation to study perfect [1, 2]-factor-
deﬁned well-covered graphs is its property of ‘localizing’ well-coveredness. With the following observation it is easy
to deduce the next lemma.
Observation 19. Let G be a graph and let F be a factor of G. Furthermore, suppose F =⋃li=1Fi , where Fi are the
components of F, and let Gi be the subgraph of G induced by the vertices of Fi for i=1, . . . , l. Then (F )=li=1(Fi)
and (Gi)(Fi) for i = 1, . . . , l. Moreover, if (G) = (F ), then likewise (Gi) = (Fi) for i = 1, . . . , l.
Lemma 20. Let G be a perfect [1, 2]-factor-deﬁned well-covered graph and let F oG be a well-covered perfect [1, 2]-factor of G such that every 2-regular component of F oG induces an odd cycle of length 3, 5 or 7 in G with (G)=(F oG).
Now let F ′ =⋃li=1Fi be a subgraph of F oG induced by an arbitrary collection of components of F oG. Then G[V (F ′)]
is a perfect [1, 2]-factor-deﬁned well-covered graph. In particular, the subgraph of G induced by the K2-components
of F oG induces a very well-covered graph.
4. Very well-covered graphs revisited
In the last sections we mentioned some new characterizations of very well-covered graphs (Corollary 10, Lemma 13
and Corollary 18). Here we summarize known characterizations of very well-covered graphs. Staples [27] and Ravindra
[24] independently studied connected well-covered bipartite graphs. For a graph G and an edge e= uv ∈ E(G) let Ge
be the subgraph of G induced by NG(u) ∪ NG(v).
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Theorem 21 (Staples [27], Ravindra [24]). A bipartite graph without isolated vertices is well-covered if and only if
G has a perfect matching M and for every e ∈ M , Ge is a complete bipartite graph.
Since readily (G) = n(G)/2 is satisﬁed for well-covered bipartite graphs G without isolated vertices, we note:
Observation 22. A bipartite graph with no isolated vertex is well-covered if and only if it is very well-covered.
Theorem 21 represents a ﬁrst step towards a characterization of the family of very well-covered graphs. This result
was extended for non-bipartite members by Favaron [6] and independently by Staples [27]. Let M be a perfect matching
of a graph G. Then M satisﬁes property (P ), if for every edge e = uv of M any neighbor x of u is nonadjacent to v and
is adjacent to every neighbor of v. The ﬁrst part of property (P ) asserts that there exist no triangles containing an edge
of the perfect matching and the second part that for every matching edge e the subgraph Ge is a complete bipartite
graph.
Theorem 23 (Favaron [6], Staples [27]). Let G be a graph without isolated vertices. Then the following statements
are equivalent:
(i) G is very well-covered.
(ii) There exists a perfect matching in G that satisﬁes the property (P ).
(iii) There exists at least one perfect matching in G, and every perfect matching of G satisﬁes property (P ).
As already mentioned in the last section, Corollary 18 is a reformulation of this characterization of very well-covered
graphs. Rautenbach and Volkmann [23] proved the equivalence of the condition i(G) + (G) = n of Corollary 10 and
(ii) of Theorem 23. They also showed that graphs satisfying (ii) of Theorem 23 can be recognized in polynomial time.
Hence, very well-coveredness can be recognized in polynomial time, as was observed by Plummer [20].
In the following we will demonstrate that Theorems 21 and 23 are equivalent. For a graph G with vertex set
V = {x1, . . . , xn} and edge set E we associate an auxiliary bipartite graph BG with partite sets V (1) = {x(1)1 , . . . , x(1)n }
and V (2) = {x(2)1 , . . . , x(2)n } and edge set EBG = {x(1)i x(2)j |xixj ∈ E}.
Theorem 24. Let G be a graph without isolated vertices. Then G is very well-covered if and only if the bipartite graph
BG is well-covered.
Proof. Assume the bipartite graph BG is well-covered. If S = {xi1 , . . . , xis } is an independent set of vertices in G then
S∗=S(1)∪S(2) with S(1)={x(1)i1 , . . . , x
(1)
is
} and S(2)={x(2)i1 , . . . , x
(2)
is
} is independent inBG and (BG) max{n, 2(G)}
follows. If S is amaximal independent set of cardinality i(G) inG thenS∗=S(1)∪S(2) is likewise amaximal independent
set of vertices inBG. Hence i(BG) min{n, 2i(G)}.AsBG is well-covered we have (G) 12(BG)= 12 i(BG) i(G).
Since (BG) = n it follows that G is very well-covered.
Conversely assume G is very well-covered. By Theorem 23(ii) there is a perfect matching M in G satisfying prop-
erty (P ), M = {x1y1, . . . , xiyi, . . . , xn/2yn/2}. In BG the set of edges M∗ = {x(1)1 y(2)1 , . . . , x(1)i y(2)i , . . . , x(1)n/2y(2)n/2} ∪
{x(2)1 y(1)1 , . . . , x(2)i y(1)i , . . . , x(2)n/2y(1)n/2} is a perfect matching. Let e∗ be an arbitrary edge of M∗, say e∗ = x(1)1 y(2)1 . Also
let u(2) ∈ NBG(x(1)1 ) and v(1) ∈ NBG(y(2)1 ). Now x1, y1, u and v are the corresponding vertices in G and u ∈ NG(x1)
and v ∈ NG(y1). Since M in G satisﬁes property (P ), we deduce that u and v are not identical and that u is adjacent to
v in G. Therefore u(2) and v(1) do not correspond to an identical vertex of G and they are adjacent in BG. Moreover, the
subgraph (BG)e∗ induced by NBG(x
(1)
1 )∪NBG(y(2)1 ) is a complete bipartite graph. In summary, the bipartite graph BG
contains a perfect matching M∗ and for every e∗ ∈ M∗, (BG)e∗ is a complete bipartite graph. But then BG by Theorem
21 is well-covered. 
Another characterization of very well-covered graphs was derived by Sankaranarayana and Stewart [26]. Let I1 and
I2 be maximal independent sets of a graph G. For convenience let R = I1 ∩ I2, S = V − (I1 ∪ I2), I ′1 = I1 − R and
I ′2 = I2 − R.
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Theorem 25 (Sankaranarayana and Stewart [26]). Let G be a graph without isolated vertices. Then the following
statements are equivalent:
(a) G is very well-covered.
(b) G is well-covered and for some pair of maximal independent sets I1 and I2 of G, |R| = |S|.
(c) G is well-covered and for every pair of maximal independent sets I1 and I2 of G, |R| = |S|.
(d) For every pair of maximal independent sets I1 and I2 of G, there exists a perfect matching M that satisﬁes property
(P ), in which R matches to S and I ′1 matches to I ′2.
Finally, a very interesting non-trivial characterization of very well-covered graphs is due to Dean and Zito [5]. They
called a graph k-extendable if every independent set of size k is contained in a maximum independent set of G. This
generalizes the concept of well-covered graphs.
Theorem 26 (Dean and Zito [5]). Let G be a graph without isolated vertices. Then G is very well-covered if and only
if (G) = n(G)/2 and G is both 1-extendable and 2-extendable.
In the second part of this section we will reveal additional structural properties of very well-covered graphs. Here we
will repeat and continue ideas fromFavaron [6].Amajor drawback of every characterization of verywell-covered graphs
presented here is its coarseness. These characterizations will probably not lead to a ‘building block’ approach. Since
every very well-covered graph contains a perfect matching and due to Theorem 24, it sufﬁces to consider bipartite
well-covered graphs. Therefore we can also make use of a structural result of bipartite graphs containing a perfect
matching (e.g. see [16]). In the following we will summarize some properties of very well-covered graphs. These
properties are often not very difﬁcult to prove and we omit their proofs most of the time.
Lemma 27. Let G be a very well-covered graph.
(A) Let I be an independent set of vertices in G and G′ = G[NG[I ]]. If (G′) = |I |, then G′ is also well-covered.
Moreover, if (G′) = n(G′)/2, then G′ is very well-covered.
(B) Let v be a vertex of minimal degree  of G. Then N [Iv] induces a K,.
Proof. If G′ is not well-covered, then there exists a maximal independent set J of G′ with |J |< |I | = (G′). Since
NG[I ] = NG[J ] we deduce with Observation 1 that G is not well-covered, a contradiction. Hence G′ is well-covered
and in case of (G′) = |I | = n(G′)/2 even very well-covered. Thus (A) is valid. For a vertex v of G let G′ be the
subgraph of G induced by the vertices of N [Iv]. Now let v be a vertex of G with dG(v) = (G) = , where (G)
is the minimal degree of G. Since Iv is the set of isolated vertices of G − NG(v) and v is a vertex of minimal
degree  every vertex w of Iv is likewise a vertex of minimal degree  and satisﬁes NG(w) = NG(v). Thus every
maximal independent set J of G′ different from Iv fulﬁlls J ⊆ NG(Iv). Then with G being a well-covered graph and
Observation 1 we deduce for every maximal independent set J of G′ the inequality chain |Iv| |J | |NG(Iv)|. In order
to show that G′ is isomorphic to the balanced complete bipartite graph K, it is enough to prove that |Iv| = |NG(Iv)|.
Assume to the contrary that |Iv|< |NG(Iv)|. Observation 2 implies that G′′ = G − NG[Iv] is a well-covered graph
with (G′′)= (G)− |Iv| (n(G′′)/2). Furthermore, since every independent set I of G such that I ∪ Iv is a maximal
independent set of G is likewise a maximal independent set of G′′ and the fact that G is very well-covered we obtain
n(G)/2=|I ∪ Iv|= |I |+ |Iv|n(G′′)/2+ 2|Iv|/2<n(G′′)/2+ (|NG(Iv)|+ |Iv|)/2=n(G)/2, a contradiction. Thus
(B) is satisﬁed. 
The following reduction approach is due to Favaron [6]:
Let M be a perfect matching of a (very) well-covered bipartite graph G with partite sets A and B. Then vertices x and
y of A (resp. B) are equivalent, if x = y or the unique neighbor of x in M is adjacent to y in G and the unique neighbor
of y in M is adjacent to x in G. For convenience, M(x) denotes the unique neighbor of x in M.
Observe that this relation is an equivalence relation. Note that transitivity follows from Theorem 21. The relation
satisﬁes several properties summarized in Lemma 28, which are based on Theorems 21, 23 and the deﬁnition of the
equivalence relation.
B. Randerath, P.D. Vestergaard / Discrete Applied Mathematics 154 (2006) 1416–1428 1425
Lemma 28. Let M be a perfect matching of a well-covered bipartite graph G without isolated vertices.
(1) The equivalence classes form a partition of A (resp. of B).
(2) Let X be an equivalence class of A, then the set M(X) of unique neighbor vertices with respect to M is likewise an
equivalence class of B and X ∪ M(X) induces a balanced complete bipartite graph.
(3) For every maximal independent set I and equivalence classes X and M(X) of G either X ⊆ I and M(X) ∩ I = ∅
or M(X) ⊆ I and X ∩ I = ∅.
(4) Assume there exists an edge between equivalence classes X and Y with Y = M(X). Then:
(4.1) X ∪ Y induces a complete bipartite graph.
(4.2) Since G is bipartite, we have X,M(Y ) ⊂ A and M(X), Y ⊂ B.
(4.3) There is no edge between M(X) and M(Y) (otherwise X ∪ M(Y) would be an equivalence class!).
(4.4) If furthermore there exists an edge between M(X) and an equivalence class Z (thus M(X) ∪ Z induces a
complete bipartite graph), then there exists also an edge between Z and Y (thus Z ∪ Y induces a complete
bipartite graph).
The last lemma implies that it remains to examine the reduced bipartite graphGred of a well-covered bipartite graph G
without isolated verticeswith vertex setV (Gred)={X|X is an equivalence class ofG} and edge setE(Gred)={XY |there
exists an edge between the equivalence classes X and Y of G}. Due to the latter lemma there is a 1–1 correspondence
betweenGred and G from the point of view ofmaximal independent sets andmatchings. Based on Lemma 28, Theorems
21 and 23 it is possible to obtain the following lemma.
Lemma 29. Let M be a perfect matching of a well-covered bipartite graph G without isolated vertices. Then:
(1) Gred is very well-covered.
(2) Gred is the same for every choice of a perfect matching of G.
(3) Gred has a unique perfect matching M red and for every edge e of this matching, Grede is a complete bipartite graph.
Observe that Gred does not contain a 4-cycle containing two edges of this unique perfect matching. In summary, it
remains to study the following well-covered bipartite graphs containing a unique perfect matching.
Proposition 30 (Lovász and Plummer [16]). Let G be a bipartite graph with partite sets A and B having a unique
perfect matching. Then the vertices of G can be labeled A = {a1, . . . , am} and B = {b1, . . . , bm} such that for every
edge aibj the inequality ij is satisﬁed.
In the last proposition the role of the partite sets can be mutually exchanged. That is, there likewise exists a labeling
A = {a1, . . . , am} and B = {b1, . . . , bm} such that for every edge aibj the inequality ij is satisﬁed. The next
observation directly arises from the latter proposition.
Observation 31. Let G be a bipartite graph with partite sets A and B having a unique perfect matching. Then there
exists at least one leaf of A, say am. Moreover, there exists an elimination scheme {e1 = a1b1, . . . , em = ambm} of the
edges such that ai is a leaf of the subgraph of G induced by the vertex set {a1, b1, . . . , ai, bi}.
Again the role of the partite sets can be mutually exchanged and we can also obtain an elimination scheme containing
leaves from B. A famous graph class describable by another type of elimination scheme is the family of chordal graphs.
For this family the elimination scheme has a great algorithmic impact. With Observation 2 it is also not difﬁcult to
obtain our ﬁnal observation of this section. Here, = (G) denotes the set of leaves of G.
Observation 32. Let G be a (very) well-covered bipartite graph having a unique perfect matching. Then we have
V (G) = NG[NG((G))], i.e. for every vertex v of G there exists a leaf w with distG(v,w)2.
In the second part of this section we summarized further properties of very well-covered graphs. The motivation
for this is Observation 19 and Lemma 20. If we examine a perfect [1, 2]-factor-deﬁned well-covered graph, then the
K2-components of the factor in consideration induce a very well-covered graph. But then it is important to know how
this very well-covered subgraph ‘attaches’ to the remainder of the perfect [1, 2]-factor-deﬁned well-covered graph. In
order to be able to answer this question a reﬁned structural analysis of very well-covered graphs is necessary.
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5. Concluding remarks
In this paper we examined an intrinsic property of well-covered graphs—the existence of a perfect [1, 2]-factor.
Moreover, we focused our interest on the subclass of well-covered graphs G such that there exists a perfect [1, 2]-factor
F with (G) = (F ). It turned out that the subclass where F is a 1-factor is precisely the family of very well-covered
graphs. In this ﬁnal sectionwediscuss the relationship between factor-deﬁned and forbidden-cycle-deﬁnedwell-covered
graphs.
The work on well-covered graphs appearing in literature (see [20]) has focused on certain subclasses of well-covered
graphs, especially on those deﬁned by forbidden cycles. For instance Finbow et al. [7] characterized the well-covered
graphs G of girth 5, i.e. G contains neither C3 nor C4 as a subgraph, and also in [8] the well-covered graphs G
containing neither C4 nor C5 as a subgraph. Both characterizations contain a ﬁnite number of exceptional graphs. To
exploit these exceptional graphs was the most difﬁcult part in the proof of both characterizations.
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Together there are in both characterizations only six exceptional graphs, K1, P10, P13,Q13, P14 and T10, which are
not factor-deﬁned well-covered graphs, where the factor in consideration is a perfect [1, 2]-factor only containing K2’s
and induced well-covered cycles. These six exceptional graphs are depicted (among others) in the previous ﬁgure.
In [21] we proved that every well-covered graph G which neither contains an isolated vertex nor a C3, C5, C7 as
a subgraph is also very well-covered. Moreover, the core of the conjecture stated in [21] about the structure of a
well-covered graph G without isolated vertices containing no C3 and C5 as a subgraph is basically that G is perfect
[1, 2]-factor-deﬁned and has a factor only containing K2’s and induced 7-cycles. On the contrary, for the two families
of well-covered graphs containing no C3 and C7 as a subgraph on the one hand, and no C5 and C7 as a subgraph on the
other hand, the property of being factor-deﬁned well-covered seems to have no great impact for a characterization of
these families (see [20]). Two of the most challenging problems posed in the survey of Plummer [20] are to ﬁnd good
characterizations of well-covered graphs of girth 4 (i.e. G contains no C3 as a subgraph) and well-covered graphs
containing no C4 as a subgraph. The last of the two problems, where only the C4 is forbidden, can be related to our
class of factor-deﬁned well-covered graphs. The C4-free well-covered graphs were extensively studied by Gasquoine
et al. [9,12]. There the authors exploited the additional exceptional graphs T8, T11 and E12 (these are depicted in the
previous ﬁgure). Even the subclass of well-covered graphs without isolated vertices containing no C4 and no C7 as a
subgraph requires at least these three further exceptional graphs—the T8, T11 and the E12. The examinations in [9,12]
also reveal that perfect [1, 2]-factor-deﬁned well-covered graphs plus a ﬁnite number of exceptional graphs will not
be enough to characterize this class. Thus, we are looking for a class F of factors of C4-free well-covered graphs
with a more involved structure. We know that for a member F of F a component can be a K2, an odd cycle of length
l ∈ {3, 5, 7}, a T8, a T11 or an E12. The most difﬁcult part will be to complete the set F .
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